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Abstract 

We generalize the definition of m-isometric operator tuples on Hilbert 
spaces in a natural way to normed spaces. This is done by defining a tuple 
analogue of (m,p)-isometric operators, so-called (m,p)-isometric operator 
tuples. We then extend this definition further by introducing (m, oo)- 
isometric operator tuples and study properties of and relations between 
these objects. 
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1 Introduction 

So called m-isometries on a Hilbert space H over K e {K, C} are bounded 
linear operators T £ B(H), which satisfy the following property: There exists 
an to £ N, to > 1, such that 

m 

\ ^ / i \ rn—k ( \ rr^*krpk 



T**T* = 0. (1.1) 
(We exclude the case m = since it is trivial.) 

Originating in works of Richter [TI5] (the Dirichlet shift being the standard ex- 
ample of a 2-isometry) and Agler [2] in the 1980s, operators of this kind have 
been studied extensively by Agler and Stankus in three papers [21 HI [S] and since 
then attracted the interest of many other authors (see for example [8] , [9] and 

M) 

In recent years, two generalisations of the definition of m-isometries have been 
given. Gleason and Richter in |13j extend the notion of m-isometric operators to 
the case of commuting c?-tuples of bounded linear operators on a Hilbert space. 
The defining equation for an m-isometry (or m-isometric tuple) T = (Ti, T c i) 
E B(H) d reads: 



fc=0 V 7 \a\=k 



*The research of the first author has been funded partly by a Research Demonstratorship 
and partly by a bursary both of the School of Mathematical Sciences, University College 
Dublin. 
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Here, m is again a positive integer, a is a multi-index, |a| the sum of its entries 
and = — i — f = a multinomial coefficient. 

On the other hand, the notion of m-isometric operators on Hilbert spaces has 
been generalized to operators on general Banach spaces in papers of Botelho 
[TUj . Sid Ahmed [35] and Bayart [BJ. An operator T 6 B(X) on a Banach space 
X over K is called an (m,p)-isometry if there exist an m G N, m > 1 and a 
p G [1, oo), with 

v^i, E(-!) fe U )\\ Tkx \\ p = - 

fc=0 ^ ' 

It is easy to see that, if X — H is a complex Hilbert space and p = 2, this 
definition coincides with the original definition of m-isometries. In [T3] 

the relationship and intersection class between (ro,p)- and (/x, q)-isometries is 
studied. 

In this paper, we combine both generalisations and consider so-called (m,p)- 
isometric operator tuples on normed spaces, which will be defined in a natural 
way. (In principle, this has already been described by Gleason and Richter in 
[T3] for tuples on Hilbert spaces.) 

An extension of the definition of (ra,p) -isometric operators was given in [15 to 
include the case p — oo: An operator T G B(X) is called an (m, oo)-isometry if 
there exists an m G N, m > 1, such that 

Vx G X, max ||T fc a;|| = max ||T fe a;||. 

k— 0,...,m k— 0,...,m 

k even k odd 

We will generalize this definition to the commuting tuple case in an obvious way 
and give a conjecture on the intersection class of (m,p)-isometric and (m, oo)- 
isometric tuples in the last part of this paper. 

In the following X will denote a normed (not necessarily complete) vector space 
over K (unless stated otherwise, for example in section [BJ and our natural num- 
bers N will include 0. 

For deN, with d > 1, let T = (T u ...,T d ) G B(X) d be a tuple of commut- 
ing bounded linear operators on X. (As one will see, boundedness is actu- 
ally not essential for the definition and the basic properties of the objects we 
are about to discuss, but plays a role in the later theory.) Greek letters like 
a = (ai,..., ad) G N d will denote tuples of natural numbers (multi-indices) 
or their entries, respectively. The norm or 'length' of a, will be defined by 
\a\ = Ylj=i a j an d we define further T a = T" 1 • • • T^ d . 

To denote the tuple which we obtain after removing Tj from T — (T\, ...,Td), 
we will write Tj (that is, Tj = (Ti, Tj_i,T j+ i, T d ) ). We use the notation 
ol'j analogously. Finally, (again if not stated otherwise) we take the exponent p 
to be a positive real number, p G (0, oo). 

2 Definitions and Preliminaries 

For T G B(X) d commuting and p G (0, oo) as above, define the sequence 
{Q n * (T,x)) ne ® by Q n *(T,x) := £ %\\T a x\\P. 

\a\—n 
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Definition 2.1. For T £ B(X) d , p £ (0, oo) and all m £ N, define the functions 
Pi p) (T,-) :X^R, by 

m / \ m / \ J-l 

P^^T >3! ):=£(-ir- fc (^)Q^(T > x) = £(-ir- fc (^) s ^ll^f. 

fe=0 ^ ' k=0 ^ ' \a\=k 

The commuting tuple T is called an (m, p)-isometriy (or (m, p) -isometric tuple), 
if there exists an m e N with m > 1, such that Pm \T, x) = 0, for all 

If the context is clear, we will simply write P m (x) and Q n (x) instead of Pm^ (T, x) 
and Q n,p (T,x). This definition coincides with the definition of m-isometric tu- 
ples by Gleason and Richter if X is a complex Hilbert space (and p = 2) and 
has, in that context as an equivalent description, already been presented in [T31 
Lemma 2.1]. 

Consequently, as one would expect, the basic theory of (m,p)-isometric tuples 
can be evolved in a similar fashion as in [13 . However, we will use a different 
approach, based on an idea described in |15j . 

Let, as in [151 Notation 3.1], J denote the set of real functions whose domain is 
a subset of R which is invariant under the mapping s : t — > t + 1. Further, define 
D : ^ — > 5 by Dg := g — (g o s) for each g £ $ (that is, —D is the difference 
operator with difference interval 1). Then 

^ =£(-i)* rv**) 

fc=0 ^ ' 

for all 5 6 J and all m £ N. Note that the set of all real sequences 21 is a subset 
of # and that 

£™a = (E(~l) fc (7)a„ +fc ) , V a = (a„) neN 6 21 and V m 6 N. 

\fe=o ^ ' / „ eN 

Then T S B(X) d is an (m, j?)-isometric tuple, if and only if, 

(D m (Q n (x)) neN ) o =0 
for all x £ X. Now 15] Proposition 3.2. (ii)] states the following: 

Proposition. Let a £ 21 and m £ N, m > 1. We have D m a = if, and only 
if, there exists a unique polynomial function f with deg / < m — 1 suc/i £/iaf 
/In = a- 

We would like to apply this fact to the sequences (Q n (x)) n &$i to conclude that 
for each x £ X, there exist a polynomial f x , which interpolates (Q n (x)) ne jq. 
Unfortunately, unlike in the situation of (m,p)-isometric operators (see |15[ 
Remark 3.6]), we can not immediately state that T being an (m,p)-isometric 
tuple requires the whole sequence D m (Q n (x)) n ^ to be the zero-sequence. This 
needs some little extra work. 



lr This proposition is actually a special case of a more general and well-known fact about 
functions defined on the natural numbers, which can, for example, be found in [T] Satz 3.1]. 
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Lemma 2.2. 

d 



Q i+1 (x) = E Q £ ( t jx), Vx g x, w g n. 



Proof. 



<r\*)= E E , 

|a|=M-l |a|=£+l 



(^+ 1 ) ! ii,t«*_iip _ \ - + - + a d ) , T „, ,. „ 

ai! • • • ay! 

E E ^7ii T r-w 

Qj>l 



E E 



ai! • ■ • Q!,-_i!(q! 9 - — l)!a,-+i! • • • ay! 

Qj >i 

E E §II^W = E^(7>), Va;e ^ WeN - 

j=l |/3|=£ P ' j=l 



Corollary 2.3. 

((^(g"( a; )) neN ) i/+1 = E (^(Q"(T^))„ 6N ) v , Vxel, 

3=1 

/or /eN, for all v G N. 
froo/. 

( J D^(Q n (a;)) n£N ) i/+1 = £(-l) fc Q <T +1+fc (*) 



□ 



fc=o v 7 i=i 

= E (^(Q"(7»)n eN )„ , Vx G X, W e N, G N. 
i=i 

□ 

Therefore, (r> ro (Q"(x))„ eN )o = 0, for all implies (£ m (Q"(x))„ eN ), y = 0, 

for &\\ x E X, for all i/£N. In other words: 

Proposition 2.4. T G B(X) d is an (m,p)-isometry if, and only if, 
D m (Q n {x)) neN = 0, for all xeX. 

Before we move on, we state the following lemma, which is certainly well known, 
but may be of general interest. 
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Lemma 2.5. Let D : ^ — > ^ 6e defined as above and (o„) ng H = : a G 21. TTien 

(^«) n+1 -(^) n = -(^ +1 «)^ V/,n6N. 
Proof. By definition 

D £+1 a = D(Z/a) = - (D £ ao s), WeN. 

Hence, 

□ 

3 Basic Properties of (m,p)-isometric tuples 

Our preliminary considerations allow us now to derive the basic properties of 
(m,£>)-isometric tuples, which are analogous to those given by Gleason and 
Richter in [T3] in the Hilbert space case. 
Expressing Lemma 12.51 in terms of Pe(x) for n = reads: 

Proposition 3.1. 

d 

Pt+i(x) =Y / Pe(T j x) - P t (x), Vx eX,We N. 

3=1 

Proof. Lemma |2"31 gives for n = and a = (Q"(x)) n£ N, for all I G N, 

(^(Q n (a;)) neN ) 1 - (P/(Q"(x))„ eN ) = - (P/ +1 (Q n (x))„ eN ) , Vx 6 X, 

Corollary |2.3| 

— 

d 

^^(Q n (T^))„ 6N )o - (r/(Q"(x))„ eN ) Q = - (^ +1 (Q"(x))„ eN ) , Vx 6 X. 

3=1 

(3.1) 

By definition (D e (Q n (x)) neN ) Q = (-l) e P e (x), for all I G N, for all x £ X. 
Therefore, (|3.1[) reads 

d 

(-l^^P^x) - (~l) £ P,(x) = (-l)*P m (x), Vx G X, W G N. 

3=1 

□ 

Proposition ^. 41 as well as Proposition 13. 11 implies: 

Corollary 3.2. An (m, p)-isometry T G B(X) d is an (m + l,p)-isometry. 

Further, Proposition 12.41 enables us to apply [15, Proposition 3.2. (ii)] to the 
sequence (Q n (x)) ne n- 

Theorem 3.3. T G B(X) d is an (m,p)-isometry if, and only if, there exists 
a family of unique polynomials f x : M. — } R, x G X, of degree less or equal to 
m-l with f x \m = (Q n (x)) neN . 
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For k,n G N denote the (descending) Pochhammer symbol by n« i.e. 

{1, if n = 0, 

0, if n > 0, k > n, 
(l)k\, if n > 0, k < n. 

Proposition 3.4. Let T G B(X) d be an (m,p)-isometry. Then 

m — 1 

(%) Q n (x) = J] ^(if-PfcO)), f° r al1 x^X, for all n G N. 

fc=0 



all x £ X . 



Proof, (ii) follows immediately from (i). 

For every x G X, the polynomial / x interpolates the points (n,Q n (x)). Deter- 
mining the Newton form of f x gives (i). □ 

Corollary 3.5. Let (T u ...,T d ) G B(X) d be an (m,p) -isometric tuple. Then we 
have 

(i) (||^||)„ eN G 0{n m - x ) for all j G {l,...,d}, for all x G X. 

(ii) T"~ Wl (T^x -> fand therefore If{T^x -> 0J /or n — > oo, /or 
/3 G N^ 1 mt/i |/3| > to, /or aZZ j G {1, d}, for all x G X. 

(By the Uniform Boundedness Principle, this boundedness and convergence are 
uniform if X is a Banach space.) 

Proof. This follows from the fact that the summands ||T"x|| p and 

^ (l^m^ T r m ( T ^ x \\ P ) of = 5^ (£ W =„§tll^f) haveto 
be bounded with respect to n > \/3\, for all x G X. □ 

Proposition 3.6. Let T = (Ti,...,T rf ) G fee an (m,p)-isometry. Then 

kerP m _i is invariant for each Tj and the tuple 

P|kerP m _i '■= (Ti\ker P m -i , — > ^d|kerF ro _i ) 

is an (to — l,p)-isometry^\ Further, if M C X is invariant for each Tj andT\y[ 
is an (to — \,p)-isometry, then M C kerP m _i. 

Proof. If T is an (TO,p)-isometry, P m = 0. Then, by Proposition ^. 11 P m _i(x) = 
Pm-iiTjx), for all a; G X. Let x G kerP m _i. Since P m _i > by 
Proposition 13.41 (ii) . TjXo G kerP m _i for all j — 1, ...,d follows. The remaining 

statements follow directly from the definition of P^fl 1 (T|k e rP m _i, ■)> ^m-iC^ ') 
and P^l 1 (T\ M , •) respectively. □ 

An (m,p)-isometric operator is by [SJ Proof of Theorem 3.3] an isometry on the 
quotient space X/ker/3 m _i(T, •) equipped with the norm (f3 m -i(T, -)) 1 ■ Here, 

for each x&X, ^(T, x) = E^- 1 )" 1-1- ' (V) H 7 ^^ is the lead " 

ing coefficient of the polynomial which interpolates the sequence (||T n x|| p )„ e N- 



2 Note that by Proposition 13. 41 (ii). kerP m _i is indeed a subspace of X. 
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Indeed a similar result holds for (m,p)-isometric tuples. 

We will call a commuting operator tuple T = (Ti, Td) on a normed space X 
an £ p -spherical isometry if 

d 

\\Tjx\\ p - \\x\\ p , e X. 

i=i 

In the literature, ^2-spherical isometries on (usually complex) Hilbert spaces 
are referred to as just spherical isometries. Obviously ^p-spherical isometries 
are just (l,p)-isometric tuples. 

The following has already been stated in |20) for (m, 2)-isometries on complex 
Hilbert spaces. 

Proposition 3.7. Let T = (T X: ...,T d ) G B{X) d be an (m,p) -isometry. Then 
\.\ p := (P^flj {T, ■)) 1 ^ p is a semi-norm on X with \.\ p < C'\\.\\ for some con- 
stant C > 0. Further, T is an £ p -spherical isometry on the quotient space 

Proof. By Proposition|Xll(ii), = (P^f^ (T, is a semi-norm on X, hence 
a norm on X/(kerP^l 1 (T, -)) 1/p - That |.| p < C||.|| for some constant C > 
follows directly from the definition of P^fl 1 (T, •) and the boundedness of T. 
Further, by Proposition O £? =1 \Tjx\p = \x\p, for all x G X. □ 

4 Examples of (m,p)- isometric tuples 

Example 4.1. Let X be an arbitrary normed space and / the identity operator. 
The pair (hi, hi) <E B(X) 2 is a (1, l)-isometric tuple on X. 

Example 4.2. Let T x = f g ® \ an d T 2 = ( ^~ ^ ). Then ilic pair 



3 



3 



T = (Ti,T 2 ) is a (1, 3)-isometric tuple on (K 2 , ||.|| 3 ). 

In 20J Richter states (without proof) the following sufficient condition for (2, 2)- 
isometric tuples on finite dimensional complex Hilbert spaces: 

Proposition (Richter). Let z = (zi,...,Zd) £ C d with \\z\L = 1 and consider 
linear Vi : C m — ► C n , i E {1, d}, with X}j=i ^TV^ = 0. 27&en i/ie operator tuple 
S = (S!,...,S d ) e B(C n+m ) d , with 



m Z^I n 

is a (2 ,2) -isometric tuple. 

This result leads to our next example. 

Example 4.3. Let T x = ( ^ J_ J and T 2 = ( ^ \\ - Then the pair 

V U 71 / V ° 71 / 

T = (Ti,T 2 ) is a (2, 2)-isometry on (K 2 , ||.|| 2 ). 
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Further examples for (TO,p)-isometric tuples can be easily created on the basis 
of (m,p)-isometric operators. This principle was used in [131 Example 3.3, 
Theorem 4.1 and Theorem 4.2], however, since it is not stated explicitly there, 
we include it here. 

Proposition 4.4. Let p G [l,oo) and S G B{X) be an (m,p) -isometric oper- 
ator, d G N + and z = (zi, Zd) G (K d , ||.|| p ), with \\z\\ p = 1. Then the tuple 
T := (ziS, ZdS) G B(X) d is an (m,p) -isometry. 

Proof. 



(Of course, Example 14.11 is also of this kind.) 

Example 4.5. Let p G [l,oo) and T p G B(£ p ) be the weighted right-shift 
operator with some weight sequence (ui n )neN, where (w n ) nl =ft satisfies 



for some £ G (0, oo). Then T p is a (2,p)-isometric operator. (This example is a 
simple generalisation of examples given in [TU] and |22j.) 

Therefore, for example, the triple T = (^=T p , -^T p , -^T p ) is a (2,p)-isometric 
tuple on £ p . 

Another example (and indeed the standard example) for (m,p)-isometric oper- 
ators is the Dirichlet-shift (see [19]) and further examples can, for instance, be 
found in or [22]. 

Proposition 4.6. Let T — (Ti, T^) G B(X) d be a tuple of commuting op- 
erators and let Tj a be an isometry for some jo G {1, ...,d}. Then T is an 
(to, p) -isometry for some p G (0, oo) if and only if (T^ Q ) = for all (3 G 
with \/3\ = m. In this case, T is an (to, q)-isometry for any q G (0, oo). 

Proof. Without loss of generality, we can assume that jo = 1. The necessity 
of {T{f = for all (3 G W 1 ^ 1 with \/3\ = to if T is an (m,p)-isometric tuple 
follows from Corollary 13.51 (ii). However, to show equivalence, we proceed by a 
combinatorial approach. 




□ 




We have 




(4.1) 



where (5^ m is the Kronecker-delta. To see this, note that (™) (*) = r^zm (7-/) > 
so (|4.1[) becomes 
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(If we set 0° = 1.) 

Now, note further that for all bkt S 



m k m m 

EE fe W = EE ( '»' VmeN. 

fc=0 l=Q 1=0 k=i 

(This can be easily seen by writing one side out and reordering the summands.) 
Consequently, by combining this with (|4.ip . we get for any sequence 

(On)neN C C, 

- Am\ * /A ™ ™ ArrA /A ™ 

Ec-ir-* T £ >< - ED-ir- (™) >< =£• 



(4.2) 

Assume now that Xi is an isometry and denote a[ := {012, ay). Then 

Q kp (T, X )= Yl ^ii T ^i! p = E E ^yii^r 

|a|=A ' t=Q \a[\=t 

ai—k—£ 

= EE jkz^m^r, 

for all x e X and all fc £ N. Therefore 



p«(T,^EHr1 E E 



m\ v% ^ M\\(T{) a ix 



^ a 'lT.\\P 



k=0 v 7 £=0 V 7 |aiM 

for all x 6 X. Then by considering (|4.2p for the sequence 



K) ! 



it follows that, for all x £ X, 



p4 p) (t>)= 7^TTiimr^ii p = o, (4.3) 

K |= m lQ ^' 

^ ||(T 1 ) a ' 1 ^|| p = 0, VaieN" with |ai|=m, (4.4) 
for all x 6 X, which is the desired equivalence. 

Equations (|4.3I) and (14.4)) also show that T is in this case an (to, g)-isometric 
tuple for any g £ (0, oo). □ 
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/ 1 \ / \ 

Example 4.7. Let a £ K and Tj = -1 , T 2 = a -a J . 

\ 1 / \ / 

Then the pair T — (T\,T2) is a (2,p)-isometric tuple for every p £ (0, oo) on 
(K 3 ,||.|| g ) for any ge [l,oo]@ 



5 (m, oo)- isometric tuples 

Let T = (Ti, ...,Td) £ B(X) d be an (m,p)-isometric tuple. This is equivalent to 

^ m 



I k=0 V 7 |a|=fc / I fc=0 V 7 |a|=fe 

\A: even / \k odd 

Assuming now that T satisfies this for all p £ (6, oo) for some 6 > and taking 
the limit for p going to infinity, leads to the following definition. 

Definition 5.1. A tuple T = (Ti, Tj) £ B(X) d of commuting operators 
is called an (m,oo) -isometry (or (m, oo) -isometric tuple) if, and only if, there 
exists an m £ N, m > 1, such that 

max ||T Q 2;|| = max ||T"x||, Viel. 

0,...,m |a|— 0,...,m 

|a| even |a| odd 

(This definition extends the one appearing in |15] for operators.) 

Example 5.2. Every (m,p)-isometry constructed using Proposition 14.61 is an 
(m, oo)-isometry by definition. 

Analogous to Proposition 14.41 one can construct further examples on the basis 
of (m, oo)-isometric operators. 

Proposition 5.3. Let S £ B(X) be an (m, oo) -isometric operator and z — 
(zi, Zd) £ K d , with H^ll^ = 1. Then the tuple (z\S, ZdS) £ B(X) d is an 
(m, oo) -isometry. 

Proof. Note that, 

max \z a \ = max \\z\\'£j — 1 = max ||z||J^ = max \z a \. 

0,...,m |a|— 0,...,m |a|— 0,...,m |a|— 0,...,m 

|a| even |a| even |a| odd |a| odd 

Hence, for Tj = ZjS, j — l,...,d, 

max ||T q izi|| = max ||5 |q| x|| = max \z a \ max ||S H a;j| 

0,...,m |a|— 0,...,m \a\—0,...,m \a\—0,...,m 

| a | even \a\ even |a| even |a| even 

= max \z a \ max ||S H x|| = max ||T Q x||, Va; £ X. 

\a\— 0,...,m \a\—0,...,m \a\—0,...,m 

\a\ odd \a\ odd |a| odd 

□ 



k\ „_„ „„ I I v— v /m\ x fc! 



3 Indeed, if one excludes the Hilbert space case <? = 2, every isometry on K n with respect to 
the g-norm for some q, will also be an isometry with respect to any other q. The reason for this 
is that the isometric matrices on (K n , ||.|| ) for q ^ 2, q g [1, oo] are exactly the (generalized) 
permutation matrices. (A proof in the real case can for example be found in |16|.) 



(to, p) -isometric and (m, oo) -isometric operator tuples on normed spaces 11 



Example 5.4. Let m £ N, m > 1, p £ [1, oo] and T p 6 B(£ p ) be a weighted 
right-shift operator with a weight sequence (A n ) n£ N C C such that 

An | > 1) for u = 1, ...,m— 1, and |A n | = 1, for n > m. 

By [151 Example 5.11], T p is an (to, oo)-isometric operator. Then, for example, 
the tuple (T pi \T V , \T v , 2^p) IS an ( m i oo)-isometric tuple on £ p . 

Since the definition of (to, cx))-isometric tuples differs from the definition of 
(to, oo)-isometric operators basically by the replacement of the index k by a 
multi- index a, it is not surprising that its basic theory can be developed analo- 
gously. 

First of all, we have the following (compare [T5J page 399])). 

Proposition 5.5. A commuting operator tuple T £ B(X) d is an (m, oo)- 
isometry if, and only if, there exists an to £ N, m > 1, with 

max ||T Q x|| = max |jT Q x||, WeN.VzeX (5.1) 

\a\=£,..,£+m \a\=i,..,i+m 
\a\ even \a\ odd 

Proof. The sufficiency of (15. ip is clear. So assume now that T £ B(X) d is an 
(to, oo)-isometry and let <gN. We only prove the case where I is even, since 
the case that I is odd is a direct analogue. We have 

max ||T a x|| = max IIT^T 7 ^! = max max \\T Pr nx\\ 

\a\=£,..,e+m |0|=O,.. ,m \f\=e\0\=O,..,m 

\at\ even |7|— ^ \0\ even 

|0|+|7| even 

= max max \\T^x\\ = max \\T f) T<x\\= max ||T Q a;||. 

\~t\=£\P\=0,..,m |/3|=0,..,m \a\=£,..,Z+m 

\j3\ odd \l\=t M odd 

l/3| + l7l odd 

□ 

Further, using the following lemma we receive an equivalent description of 
(to, oo)-isometric tuples (compare [151 Lemma 5.3]). 

Lemma 5.6. Let n(n) = n mod 2 denote the parity of an n £ N. For any family 
a = (fla)agM'i C R and m £ N, to > 1, £/ie following are equivalent. 

(i) a satisfies max a a = max a Q , W £ N 

|a|=^,...,m+^ |a|=^,...,m+£ 
|a| even \a\ odd 



(ii) a attains a maximum and max a a = max a Q; W £ N. 

a£ti d \a\=£,...,m-l+£ 
7r(|a|)=7r(m-l+£) 

Proof. (i)=>(ii): We proceed by induction on £. Suppose a = (a a ) Q gN ti C K 
satisfies (i) and choose rt £ N with n > m. By (i), max| Q | =Ji _ m „ a Q is 
attained for at least two multi-indices, one of even and one of odd norm. Thus, 
there exists an r < n and a f3 £ N d with \/3\ — r, such that ap > a a for every 
a £ N d with \a\ = n. Since this holds for all n > to, we deduce that the family 
{ a a) a &i d indeed has a maximum, which is attained at an a with |a| < to — 1. 
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That is, max QgN d a a — maxi „!=(),. m _i a a . Since trivially maxi i = o m _i a a < 
maxia|=o,...,m a «; we actually have equality and by (i) can write 



max a a = max a a = max 

aSN d |a|=0,...,m \a\=0,...,m— 1 

7r(|a|)— 7r(m— 1) 7i(|a|)— 7r(m— 1) 



Hence, we have (ii) for ^ = 0. 

Now assume that (ii) holds for some I G N. Then, in particular, max a6N d a a — 
max\ a \=l,...,m-i+i< 1 a and since max| a |_« ) ... i7n _ 1+< a Q < max| a | = f j ... )7n+ ^o a , we 
again have equality. By (i), we can omit the first I on the right-hand side, 
obtaining max aeH i a„ = max| Q | = ^ +1 m+ ^a a . But this has to be equal to 
max| Q | = ^ +lj ,.., m +l+i a a and again by (i), we can write 



max a a = max a a = max a, 

a£N d |a|=£+l m+l+1 \a\=l+l,...,m+t 

TT(\a\)=7T(m+£) 7r(|a|)=7r(m+^) 



This is (ii) for 1+ 1. 



(ii)=>(i): If a satisfies (ii), then, for all left, 



max a a = max a a = max a c 

|a|eN d \a\=l,—,m-\+l \a\=l,...,m+t 

jr(|a|)=7r(m-l+£) 7r(|a|)=ir(m-l+i) 



and also 



max a Q = max a Q < max a Q < max a a . 

|a|eN d \a\=e+l,...,m+e \a\=i,...,m+t a£N d 

7r(|a|)=7r(m+f) 7r(|a|)=7r(m+£) 

This implies max a a = max a a , which is (i). □ 

\a\=e,...,m+£ \a\=t,...,m+t 
7r(|a|)=7r(m-l+i) »r(|a|)=7r(m+£) 

Corollary 5.7. j4 iupZe of commuting operators T = (Ti, ...,T<j) £ £?(X) d is an 
(m, oo) -is ometry if, and only if, for each x £ X the family (\\T a x\\) ae -^d attains 
a maximum and there exists an m G N, m > 1, such that 

max||T a d|= max \\T a x\\, W € N. 

a£fi d \a\=£,...,m-l+i 
n(\a\)=n(m-l+i) 

Corollary 5.8. Let T = (T 1 ,...,T d ) G B(X) d be an (to, oo)-isometry. Then 
{\\T a \\) a £N d * s bounded. In particular, T is uniformly power bounded, that is, 
there exists a common C > 0, such that \\T^\\ < C, for all n G N, for all 

je{l,...,d}. 

Note that we do not have to make use of the Uniform Boundedness Principle 
here. (In fact, we are not assuming that X is complete.) 

By simply copying the proof in the single operator case (see [151 Proposition 
6.3]), we show the following: 

Proposition 5.9. Let T G B(X) d be an (to, oo)-isometric tuple. Then T is an 
(to + 1, oo) -isometric tuple. 
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Proof. Bv l5.7[ max aeM j 1 1 CZ^^a? 1 1 exists and, for all I G N and x G X, we have 
max ||T Q x|| = max ||T a x|| < max ||T Q x|| < max ||T a x|| 

a£N d \a\=e+l,...,m+e \a\=t,...,m+l a£N d 

7r(|a|)=7r(m+£) 7r(|a|)=7r(m+£) 

and the ensuing equality gives the result by invoking 15.71 again. □ 
The case m = 1 deserves some special attention. 

We call a commuting operator tuple T — (Ti, G B(X) d an £ oo- spherical 

isometry if 

max \\Tjx\\ = \\x\\, Vx G X. 

j=l,...,d 

Obviously ^oo-spherical isometries are just (1, oo)-isometric tuples. 

Proposition 5.10. Let T G B(X) d be an too-spherical isometry (i.e., a (1, oo)- 
isometric tuple). For each x G X there exists a j x G {1, d} such that ||T^x|| = 
||x|| for all n G N0 

Proof. We first show the following: 

Claim. For each n G N and each x G X, there exists a j„,k G {1, ...,d} with 
||T£ x x|| = ||x|| for all k G N with fc < n. 

Proof of the claim. Note first, since we have by definition maxj = i.... i( 2 ||Tjx|| = 
|[x||, for all x G X, that [[TJ < 1 for all j G {l,...,d}. Clearly then also ||T«|j < 1 
for all a G N d . Further, by Corollary IST71 max QeN d ||T a x|| = max| aM ||T Q x|| = 
||x||, for all x G X and all £ G N. 

Therefore, for each £ G N and each x G X, there exists an a(£, x) with \a(£, x)\ — 
I and ||T a ^> x )x|| = ||x||. Now choose j max G such that a(£, x) Jmax := 

maxj^i^.^d x)j. Then a(i?,x)j max > 4. Now fix x G X, choose an arbitrary 
neN and set £ = nd. 

Then ||7^ iB)w (^ maj( ) a(i,a: ^>»«a;|| = ||x|| and a(£,x) jmalc > n. Hence, 

= ii r it" )3max ( r i,„ a x) Q(£,a;)Li,xa; ii ^ ll T £ X)imaXa; ll ^ Nil. 

since \\Tj\\ < 1 for all j G {l,...,d}. So clearly \\T™jf^ x)ita **x\\ = ||x|| where 

That ||T^ x|| = 1 1 a; 1 1 for all k < n, k G N, follows again from the fact that 
HTj-ll <lforallj G {l,...,d}. 

Since £ = nd and d is fixed, j ma x depends only on n and x. So we can denote 
Jmax = jn.x and the claim is proved. 

The rest of the proof is essentially the pigeon hole principle: We have infinitely 
many n G N, but only finitely many j G {1, d}. 

Fix x G X and define for each j G {1, ...,d} the set Aj := {n G N | \\T^x\\ = 
||x||,for all k < n, k G N}. By the above, every natural number resides in at 
least one of the Aj. Thus, at least one Aj x is infinite, which forces Aj x = N as 
required. □ 

4 Note that we make use of the continuity of the operators in the proof. 
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Therefore, if T is an i'oo-isometry, we can split up our space X into closed, but 

not necessarily disjoint, subsets Xj := {x G X \ \\x\\ = ||T™a;||, Mn G N}. 

In the uni-variate case, an (to, oo)-isometry T is an isometry under an equivalent 

norm, given by max^gN H^ 7 3g||- Indeed, an analogous result holds in the tuple 

case. 

Theorem 5.11. Let T G B(X) d be an (to, oo) -isometric tuple. Then there 
exists a norm \.\oo on X equivalent to \\.\\, under which T is an ^ -spherical 
isometry. .|oo is given by \x\oo = max Q6N d ||T Q a;|| = max| Q | =0! ... !m _i ||T Q x||, 
for all x G X . 

Proof. By Corollary 15.71 max agN d ||T q ie|| = max| Q | =0 m-i ll^'NI) f° r au 

x € X. Since Tj is linear for each j = 1, d and the maximum preserves the 
triangle inequality, . |oo is indeed a norm on X. Further, by Corollary 15. 71 

max max ||T a T.,2|| = max max [iT^Twa;!! 

j = l,...,daeN d 3=l,...,d|a|=0,...,m-l 

= max ||T Q a;|| = max ||T Q x||, Vx G X, 

\a\ = l,...,m a6N d 

so that T is an ^-spherical isometry with respect to . |oo- Finally, we have 
||x|| < max ||T a x|| = max ||T Q x|| < max ||T Q || • ||x||, Va; G X, 

a£N d |a|=0,...,m-l |a|=0,...,m-l 



and the two norms are equivalent. □ 

This, of course, implies immediately, that we can write X = Uj=i -^-j \ |oo > wnere 
X j: ,.| := {x G X | \x\oo = \Tfx\oo, Vn G N}. 



6 Spectral Properties 

Let in this section, X be a complex Banach space, unless stated otherwise. For a 
tuple of operators T = (Ti, Tj) on a complex Banach space, several different 
definitions of spectra and spectral radii exist. A first definition of the joint 
spectral radius was given by Rota and Strang in |21j . Their definition, in the 
case of commuting operators, reads as follows. 

f(T) := lim max ||T Q ||^. 

k—yoo \a\=k 

(Note that no definition of a joint spectrum is necessary for this expression to 
make sense.) In [7], Berger and Wang give an alternative definition, which we 
cite here again only in the case of commuting operators: 

r,(T) := lim max r(T a )i , 

k— >oo |a|=fc 

where r(T a ) :— r(T 1 Ql ...T^ d ) is the usual spectral radius for operators. How- 
ever, in [2H Lemma page 94], Soltysiak shows that in the case of a commuting 
d-tuple T, we have f(T) = r*(T). 



We further have the geometric joint spectral radius, r(T), defined as 



r(T) :=max{||A|| 2 | A G a(T)}. 
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Here <r(T) denotes the Taylor spectrum (see [IS]). Other kind of joint spectra 
include the Harte spectrum o~h(T) (see |14| ) and the joint (left) approximate 
point spectrum^ 

ov(T) := {(Ax, X d ) e C d \ 3 {x k ) keN C X with ||z fe || = 1, s.th. 

d 

\rmJ2KT 3 -X 3 I)x k \\=0}. 

k— foo * — * 

All three spectra are non-void if the operators T\,...,T^ commut^l (the Taylor 
spectrum is actually only defined for commuting operator tuples). For the joint 
approximate point spectrum this has been shown in 23, Theorem 1.11] 
Further, for commuting operator tuples, it was shown in |11) that the convex hull 
of all the named spectra above coincide. Thus, in this case, the geometric joint 
spectral radius does not depend on the choice of the joint spectrum. That is, 
one then can replace in its definition the Taylor spectrum by the Harte spectrum 
or the joint approximate point spectrum. 

If T is a tuple of commuting operators on a complex Hilbert space, the algebraic 
joint spectral radius can be defined as 



,(T) := lim 



k— yoo 



EH 



However, in [18], it was proved that r(T) = r a i g (T), i.e. algebraic and geometric 
joint spectral radius coincide. 

Soltysiak generalizes the notion of the geometric joint spectral radius in [33] in 
the following way: Define for p G [1, oo] the (geometric) joint £ p -spectral radius 
r P (T) by 

r p (T) := max{||A|| p | A e a H (T)}, if a H (T) 0. 

(If o~h{T) should be empty, one sets formally r p (T) = — oo.) Again, since we 
only consider commuting operator tuples, the £ p -spectral radius does not depend 
on the chosen spectrum (and is non-negative). 

Obviously, we have ^(T) = r{T). Further, Soltysiak shows in [2U Theorem 2] 
that for a commuting operator tuple T, ^(T) = r(T) (= r*(T)). Thus, in this 
case, the £ p -spectral radii contain all variations of joint spectral radii named so 
far. Finally, Miiller proves in jTTJ Theorem 3] the corresponding equalities for 
finite p (again for commuting tuples) : 

V |a| = fe 7 V |a| = fc 7 

Now, Gleason and Richter prove in [T31 Proposition 3.1 and Lemma 3.2] that the 
geometric spectral radius r(T) = ^(T) of an (m, 2)-isomctric tuple on a complex 



5 Harte refers to this set in |14| as left approximate point spectrum. 

6 Harte gives with |14l Example 1.6] an example of a non-commuting operator pair with 
empty Harte spectrum. 

7 The definition of <t w (T) given in I23| actually requires the existence of a net instead of a 
sequence, however, the proof uses a result given in 26 , which is stated in terms of sequences. 
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Hilbert space is equal to 1. They deliver two alternative proofs for this, which 
can be easily modified to suit the case of (m,p)-isometric and (m, oo)-isometric 
tuples on complex Banach spaces. 

Proposition 6.1. Let X be a normed space. 

(i) If p £ (0, oo) and T £ B(X) d is an (m,p)-isometry, then 

i 

lim ( £ - } \\T«rY =1. 

(ii) If T £ B(X) d is an (m,oo)-isometry, then 

lim max ||T Q ||* = 1. 

k— too \a\— k 

Consequently, if p £ [1, oo], X is a complex Banach space and T £ B(X) d is an 
(m 1 p)-isometry, the geometric joint £ p -spectral radius r p (T) ofT is 1. 

Proof, (i): We have (compare [T71 proof of Theorem 4]) 

Hm ( £ MllT-f) 55 = lim max (^||T-f)* 

V |«|=fc 7 

= lim max sup (— \\T a x\\ p ) pk = lim sup max f — \\T a x\\ p )'" 
fe->oo |o|=fc|i a .M_i \a! / fe->oo 11x11=1 \oc\=k \a! / 

i 

= lim sup ( V ^ T ||T a af|| p V * = lim sup (Q k ' p {T,x))^ . 

k— >oo ii ii — i V * — ' a / k— >oo ii || — i 

The remaining parts of the proof are almost identical to the proof of (T3l Propo- 
sition 3.1]. By Proposition 13 .41 (ii) . 

Assuming that m is the smallest natural number, for which T is (m,p)-isometric, 
prompts that the inequality on the right is strict. Thus, 

limfc_j. 00 (sup|| x || =1 r^jy P^^T, a:)) pk — 1. Gleason and Richter show in the 

i 

proof of [13l Proposition 3.1] that lim^oo (fc m_1 ) 2fc = 1, hence, 
Hindoo (fc™ -1 )^ = 1, and then 

lim sup (Q k ' p (T,x))^ 

k ^°° \\x\\ = l 

_ lim /■gH^g^N* _ Um / 8up lim e-iT,,) 



fc— »oo y fe m 1 y k — >oo y ||x||— l A: m 

i 

hm f sup 1 . ^(T.g)^ =1. 
V ||x||=i (m- 1)! y 



fc— J-OO 



(ii): This follows from the fact that (||T a ||) aGM d is bounded by Corollarv l5.8[ □ 
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Remark 6.2. The proofs for both parts of Proposition 16 . 1 1 work also for the case 
d = 1. In this case, both statements just read lim^oo ||T fe || 1 / fc ~ 1. Thus, we 
have a proof for the fact that the spectral radii of an (TO,p)-isometric operator 
and an (m, oo)-isometric operator are 1, without referring to the approximate 
point spectrum. 

In [131 Lemma 3.2] it is shown that, if T is an (m, 2)-isometry on a complex 
Hilbert space, then ||A|| 2 = 1, for all A G ov(T). That is, its joint approxi- 
mate point spectrum lies in the boundary of the d-dimensional unit sphere and, 
therefore, one gets again that the geometric joint spectral radius of an (to, 2)- 
isometry is equal to 1. To obtain this result, Gleason and Richter show (see [TBI 
page 187]) that A G cr T (T) if, and only if, there exists a sequence (x n ) ne m C X, 
with ||x„|| = 1, for all n G N, such that (T a - \ a )x n ->• (n -> oo), for all 
a G N d . Using this fact, we obtain a generalisation of [T3l Lemma 3.2]: 

Proposition 6.3. Let p G [l,oo] and X be a complex Banach space. Then the 
joint approximate point spectrum cr^{T) of an (m,p) -isometric tuple T G B(X) d 
is a subset of the d-dimensional complex unit sphere with respect to the p-norm. 

Proof. Let A G ov(T). 

If p G [l,oo) and T G B(X) d is an (to, j?)-isometric tuple, then there exists a 
sequence (x n ) n en C X, with \\x n \\ = 1, for all neN, such that 



°-jaB-ir-*(?)i:3p-* 



k 

fc=o x ' \a\=k 



E^r-MT) E ^T = (i-\\M\ p P r 



a l 



k=0 x ' \a\=k 

||A|| = 1, for all A G a„(T), follows immediately. 

If T G B{X) d is an (to, oo)-isometric tuple, there exists a sequence (x„)„ e N C X , 
with ||a; n || = 1, for all n G N, such that 

lim max ||T Q a; n || = max |A"| 

n->oo |a|=0,...,m \a\—0,...,m 
\a\ even |a| even 

and lim max ||T Q a; n || = max |A a |. 

rn-oo |a|=0,...,m |a|=0,...,m 
|a| odd |a| odd 

Since T is an (to, oo)-isometry and by uniqueness of limits, we therefore have 

max |A Q | = max |A Q | 

0,...,m |a|— 0,...,m 

| a | even |a| odd 

max ||A||^= max ||A||^, 

|a|=0,...,m |a|— 0,...,m 

|a| even |a| odd 

which is impossible, unless ||A|| = 1. □ 



7 (m,p)- and (m, oo)- isometric tuples 

It is known (see [151 Proposition 6.1]) and easy to see, that an (TO,p)-isometric 
operator is simultaneously an (to, oo)-isometric operator if, and only if, it is an 
isometry. 
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An analogous of this statement cannot be obtained by replacing the term 'isom- 
etry' by '£ p -spherical isometry' or '^-spherical isometry' for the multi-variate 
case. 

Example 7.1. Let T\ £ B(X) be an isometric operator and T = (Ti, ...,Td) £ 
B(X) d an (m,p)-isometry. By Proposition ^. 61 T is an (m, p)-isometry for every 
p £ (0, oo) and, hence, by definition an (m, oo)-isometry. However, in general 
T does not need to be an £p-spherical or an ^oo-spherical isometry. (Take, for 
example, Example 14. 71 ) 

It is currently not known what the intersection of the set of all (m,p)-isometric 
and all (m, oo)-isometric tuples on a given normed space X actually is. However, 
looking at the joint approximate point spectrum (in the complex Banach space 
case), already gives some information. 

Remark 7.2. Let X be a complex Banach space and p £ [1, oo). Let further 
T = (Ti,...,Td) £ B(X) d be an (m,p)-isometric and a (p, oo)-isometric tuple. 
Then every A £ a^{T) satisfies ||A|| = lA)^ = 1 by Proposition 16.31 Con- 
sequently, since ov(T) C ov(Ti) x • • • x a^iTd), one operator Tj has spectral 
radius r(Tj a ) > 1 and the remaining operators Tj are not bounded below (in 
particular non-invertible) , i ^ jo, hjo G {1, ■ ■-,(!}. 

More specific results can so far only be given in special cases. (However, without 
imposing completeness!) 

The case where our tuple is constructed by using an (m, oo)-isometric operator 
(i.e. by applying Proposition 15. 3p is easy and we consider it first. 

Proposition 7.3. Let T = (T\, T^) £ B(X) d be an (/i,oo) -isometric tuple 
of the form of Proposition \5.3l That is, Tj — ZjS, where S £ B(X) is an 
(/i, oo) -isometric operator and z :— (z\, Zd) £ K d with \\z\\oo — !■ Let further 
T also be an (m, p)-isometric tuple. Then S is an isometry and therefore some 
Tj a = Zj S is also an isometry. 

Proof. Since T is an (ro, p)-isometry, we have for all x £ X, 

n \a\—n 

by the multinomial theorem. Then D m {Q n (x)) neN — implies that 
is an (m,p)-isometric operator. It is well known that the approximate point 
spectrum of an (m,p)-isometric operator on a complex Banach space lies in the 
unit circle (see for example [BJ Proposition 2.3]) and therefore its spectral radius 
is 1. However, since we don't want to exclude the case that X is a real space 
and we also don't impose completeness, we refer to Remark 16.21 which yields 

/ \ n 1/n 

(\\4 P S) =||*|| p liin t ,_ o||5»|| 1 /» = L 



lim 



Since S is an (/z, oo)-isometric operator on X, Remark 16.21 further gives, 

lim„^oo US™!] 1 /" = 1. This forces ||z|| = 1. In particular, S has to be an 

(m,p)-isometric operator, which forces S (by [15l Proposition 6.1]) to be an 

isometry under 1 1. 1| . □ 

To prove further results, we first state a series of lemmataH 

8 It is actually easy to find elementary proofs for Corollav 17.81 and Proposition 17.91 below, 
however, it is more elegant to deduce these statements from Proposition 17.71 
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Lemma 7.4. Let T = (Ti,...,Td) E B(X) d be an i^- spherical isometry. De- 
fine, as above, Xj := {x E X \ \\x\\ = \\T?x\\, Vn £ N} for j E {l,...,d}. 
If there exists an no £ N such that, for all j £ {l,...,d}, Xj C N(TJ 1 °), for all 
i =/= j, i £ {1, .--,d}, then one of the operators T\, ...,Td is an isometry. 

Proof. By Proposition 15.101 X — (Jj_i d-^-r Since by assumption, Xj C 
iV(Tf °) for all i S {1, d} with i ^ j, we'have 

x = u *i c u n wo- 

j — 1 d j — 1, . . . ,d i—l,...,d 

This forces f)i=i,...,dN(T*°) = X for some j E {1, ...,d}. I.e., JV(7f°) = X for 

all i 7^ j , i £ {1, d}, which forces Xi = {0} for all i ^ jo, i £ {1, d}. Then 
we must have Xj = X and Tj is an isometry. □ 

Lemma 7.5. LetT — (Tj., £ B(X) d be an (m,p) -isometric tuple and also 

a (/j,, oo) -isometric tuple. Then for all 7 = (71, ...,7d) £ N d wii/i i/ie property 
> m / or every j £ {1, d}, we /iave T 7 = 0. In particular, T^T" 1 = /or 
every i ^ j, i, j £ {1, ...,d}. 

Proof. Lets first consider the case fj, = 1. If T is a (1, oo)-isometric tuple, by 
Corollary 15. 71 

max \\T a x\\ = \\x\\ = max ||T a x||, W £ N, Vx £ X. 

aefi d \a\=e 

So (max| Q | = | ||X' Q: a:||)^ eN is a constant sequence for all x £ X. In particular, 
(max| a | = ^ ||T Q T 7 ir||) £6N is constant for any multi-index 7 £ N d , for all x E X . 
Since T is an (m,p)-isometric tuple, for any x £ X, any /3 £ N d_1 with > m 
and any j £ {1, d}, by Corollary [33] (ii), T^(T^x -» for n -)■ 00. We will 
show that this implies, given a 7 £ N d with the property |t^| > to for every 
j £ {1, d}, that ||T Q T 7 a;|| ^ as |a| -> 00, for all a; £ X. 
So take a 7 £ N d with the property |t^| > m for every j £ {1, d}. Then for 
any x E X, any j £ {1, d} and for all e > 0, there exists an N e (x,j) E N such 
that \\Tf(T^x\\ < e, for all n > N E (x,j), by Corollary 1531 (ii). 
But since we have only finitely many j, by simply taking the maximum N e [x) 
of all N £ (x,j), we get that for any x E X, for all e > 0, \\T™(T^x\\ < e, for 
all j E {1, d}, for all n > N e (x). 

For all a £ N d with |a| = £, we have <Xj max := maxj = i d otj > 4, for all ^ £ N. 

(Of course, the j ma x is not uniquely determined.) But then, for any chosen 
x E X and for all e > 0, there exists an M £ (x) E N such that 

ll T j»r x+7jmax ( :r i m ax) 7 ' max:z; ll ^ £ for a11 " e N d with |a| = £, for all £ > M E (x). 
(Of course, the index j max may be different [and not uniquely determined] for 
every a.) Therefore, 

\\T a T~<x\\ = \\{Tj m J a '^T^ x+l3 "^ (T'^y^xW 

< ||(Tj ma J^m- || . e , Va £ N d with \a\ = £, V£> M £ (x). 
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Now, since T is a (1, oo) -isometric tuple, ||Tj|| < 1, for all j G {1, ...,d}. Thus, 

\\T a T"<x\\ < e, for all a G N d with \a\ = I, for all i > M s (x). 

Then 

||T 7 a;|| = max ||T Q T 7 a;|| 0, as I -> oo. 

|a|=4 

Since x was chosen arbitrarily, T 7 = follows. 

Now consider the case /x > 1 and let T be a (/i, oo)-isometry. By Theorem 15. Ill 
T is a (1, oo)-isometric tuple with respect to the norm on X, where |.|oo is 
equivalent to |.||. Hence, for any x € X, any j3 G N d_1 with |/3| > m and any 
j G {1, d}, T?(Tj)Px converges to for n — > oo under \.\oo- By repeating the 
argument from above, we then get that 

IT^U = max II^T^U -> 0, as ^ oo. 

Again, T 7 = follows. □ 

Corollary 7.6. Let T = (Ti, T<j) G B(X) d be an (m,p) -isometric tuple and 
also a (p, oo) -isometric tuple. If T a ^ with \a\ — n, then a is a permutation 
of {n - \(3\,[3 1: ...,[3 d -i), where \f3\ < m - 1. I.e., T a = T" H/?I (Tj)' 3 for some 
j G {1, d} and some (3 G N d_1 with \j3\ < m — 1. 

Proof. Let |a| = n and chose a j 6 {1, d} with ay ^ 0. Then we can write 
T a = T"" l/3| (Tj) /3 for some /3 G N d_x . We have to show that, if T tt / 0, 

then |/J| < m — 1, or we can reorder and write T a = (TQP for some 

k G {1, d} and some /3 G N d_1 with |j8| < m — 1. 

Since n — \j3\ > 1, the statement holds trivially if n < to. So assume n > to + 1. 
Certainly, by Lemma 1731 if n - |/3| > m and \f3\ > m, T"" l/3| (Tj)^ = 0. This 
means, if T a =^ 0, we have we must have \/3\ < m — 1 or \/3\ > n — m + 1. 
Since we want to show that only the case |/3| < m — 1 can occur (maybe w.r.t. 
to some reordering), assume |/3| > m and \{3\ > n — m + 1. 

Now, if the biggest entry of /?, /3 Jmax := max J= i d—xPj (where again, the 

index j max is not necessarily unique) satisfies /3 Jmax > n — m + 1 , then we have 
— ft m « + n = l/^ max I + n ~ \P\ < to — 1 and we let [3 be a multi-index consisting 
of the entries of /3j max and the entry n — \f3\ w.r.t. some permutation. Then 

T ° = T £r (^J^ = T jl^' ( T L,y with < ^ - !• 

If /?j max < n — to, then + n — |/3| > to for any entry of /3. Since, by 
assumption \f3\ > m, this means T a = T" H/31 (Tj)' 9 = 0, by Lemma [731 □ 

We are now able to determine the intersection class of (m,p)- and (/i, oo)- 
isometric tuples in the case fi = 1: 

Proposition 7.7. Lei T = (Ti, T^) G B{X) d be an (m,p) -isometric tuple 
and also a (1, oo) -isometric tuple. Then one of the operators T\,...,Td is an 
isometry. 

Proof. Since T is an (m,p)-isometric tuple, by Proposition 13.41 fi) . 

rn-l , . 

Q n (x) = nik) ( T\ P k(x) , Vx G X, Vn G N. (7.1) 

k=Q ^ ' ' 
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Where = (™)fc! = n(n - l)...(n - k + 1). That is, for all (n,Q n (aO) 
is interpolated by a polynomial of degree of less or equal to m — 1. 
Now, by Corollary 17.61 above, for n > 2m — 1, n € N, Q n (x) reduces to 

«-(*)= E E v ^*- 

|/3|=0,...,m-l 

H ere (n-[ff|)!^! = "ffl ~ • (We se ^ n — ^ m ~ so ^ na ^ we don't get any multi- 
indices twice in this expression.) 

Further, for each n £ N, fc £ {1, ...,m - 1} J £ N d ~\ j £ {1, by 
ProDOsition l5.10l there exists an £j £ {1, ...,<£}, such that 

= HTf-^^O^sir, V 1/ £ N. 

By Corollary 17.61 for n > 2m — 1, n £ N, we must have = j, i.e. 

\\T» +n - k (T<fx\\ p = \\T?- k (T^x\\ p , V n, v £ N, n > 2m - 1. 

But that means that the sequence (||T™~ fc (Tj) /3 2;|| p ) ngN becomes constant for 
n > 2m — 1 . 

Therefore, for all x £ X, for n > 2m — 1, (n, Q n (x)) is interpolated by the 
polynomial 

E E ^^-""(W, 

^GN d_1 j=l,...,d 
|/9|=0,...,ro-l 

which is of degree less or equal to m — 1 . 

However, this polynomial must be the same as the one in (|7.1[) . In particu- 
lar, their coefficients have to be equal and, more particularly, we must have 
Ei=i,..., dPf "^ll p = IWI P , for all x £ X. 

Take now jo £ {!>•••> d} an d Xj £ Xj- , for Xj defined as before. Then 
Ei=wl|2f"- 1 a:oP = and, thus, x jo £ ^(T/™" 1 ) for all j ^ j„, j £ 

37%/a 

{I,-, d}. 

Since :£j £ Xj D and jo £ {1, ...,d\ were chosen arbitrarily, it follows from 
Lemma 17.41 that one of the operators Ti,...,T d is an isometry. □ 

The case m = 1 now follows easily. 

Corollary 7.8. Let T = (T 1} ...,T d ) £ B(X) d be a (1, p) -isometric tuple and 
also a (//, oo) -isometric tuple. Then one of the operator Ti, ...,T ( i is an isometry. 

Proof. Since T is a (l,p) -isometric tuple, Proposition 13.41 (i) gives, 
£ h= „^t||T q 2|| p = \\x\\ p , for all n £ N and all x £ X. Consequently, ||ar|| > 
||T Q a;||, for any multi index a £ N d , (or all x £ X. I.e. 

max ||T a x|| = ||x||, Vz £ X 

ctGN d 

Then, since T is a (/i, oo)-isometric tuple, by Theorem 15. 1 It T is already a 
(1, oo)-isometric tuple and the result follows from the preceding statement. □ 
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We can now prove the case where our tuple is constructed, using an (m,p)- 
isometric operator (i.e., by applying Proposition 14.41) . 

Proposition 7.9. Let T = (Ti, ...,1^) G B(X) d be an (m,p) -isometric tuple of 
the form of Proposition \^\ That is, Tj — ZjS, where S G B(X) is an (m,p)- 
isometric operator and z :— (zi,...,Zd) G K d with \\z\\ p — 1. Let further T also 
be an (ji,oo) -isometric tuple. Then S and one Tj — Zj S are an isometry. 

Proof. Since T is an (/x, oo)-isometry, for all x G X, the family (||T ,a x||) Q , eN <i = 
(|2: a |||S'' a 'x||) agNd is bounded. Since \\z\\ = 1 by assumption, this forces 
(||S n x||) ne N to be bounded for every x G X. Now, since S is an (m, j?)-isometric 
operator, by [HJ Proposition 2.1 or Proposition 3.2], S is an isometry. Hence, 
by Proposition 14. 4[ T is a (l,p)-isometric tuple. Then Corollary 17.81 forces one 
operator Zj S to be an isometry. □ 

More general results appear difficult to obtain at the moment. We will present 
in the following a proof for an analogous statement in the case m = p. = 2. 

The following lemma simply states that one cannot increase a maximum. 

Lemma 7.10. Let T = (Ti, T^) G B{X) d be a oo) -isometric tuple. For 
each x £ X and each a(x) G N d with max agN d ||T Q a;|| = HT"^^!!, we have 
HT^xll = iT^xloo. 

Proof. Fix x G X and let a(n) G N d , such that max QeN d ||T Q a;|| = ||T a ( s )x||. 
We have 

HT^xH < iT^xU = max \\T a T^x\\ < max ||T Q x|| = ||T"^x||. 

aEN d aEN d 

□ 

Proposition 7.11. LetT — (Tx, ...,Td) G B(X) d be a (2, p) -isometric tuple and 
a (2, oo) -isometric tuple. Then one of the operators Ti,...,Td is an isometry. 

Proof. We proceed in three steps: 

(i) We first show that T n :— (T™, TJ 1 ) is an ^-spherical isometry, for all 
n > 4, n G N. 

(ii) Secondly, we show that this actually implies that one of the operators 
T* +d -\ is an isometry. 

(iii) Thirdly, we show that this forces one of the operators Ti,...,Td to be an 
isometry. 

(i): Since T is a (2,p)-isometric tuple, by Proposition 13.41 (i) . 

Q n [x) = nPi(x) + \\x\\ p , \/x G X, Vn G N. (7.2) 

That is, for all x £ X, (n, Q n (x)) is interpolated by a polynomial of degree less 
or equal to 1. 
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Now, by Corollary 17.61 for n > 2, n G N, Q n (x) reduces to 



/ 



Q n (x) = n 



d d 



EEn^ lT ^ii p +Enw> Va;eX ( 7 - 3 ) 

3=1 



J 



Since T is a (2, oo)-isometry, for all x £ X , for all i, j G {1, d}, 
max aetld \\T a T?Tjx\\ = max| Q | =1 \\T a T?Tjx\\, by Corollary O If i + j, by 
Corollary m we deduce that max H=1 \\T a TlTjx\\ = \\TfT jX \\, for all xe X. 
However, then Lemma I7TT01 gives that \\T?Tjx\\ = \TfTjx\oo, for all x e X. But 
then, for all x G X, 

\\TfT jX \\ = \TfTixU = max \\T a TfT jX \\ = ||T/7>|| = {T^x^, 

|a|=l 

for all i ^ j, i,j G {l,.,.,d}. 

By repeating this process ad infinitum, we get that for alH ^ j, i, j G {1, d}, 

llTfT^H = ||T/7>|| = IT/T^U = ||7f7>|| = \lfTjx\n = ... = HTfT^H, 
for all n > 3, n G N, for all .t G X. 

Therefore, the sequences (||T i fc_1 T :) a;||)fc e N are constant, for all i ^ j, 

i,j G {1, d}, for all x X. 
By equating (TT21 and (TT5]) . we get 



fc>4 



Enw = 

3=1 



Pi(x)-J2J2\\ T r%x\\ p 



v 



<=1 3=1 



\x\\ p , Vx G X, Vn G N. 



/ 



The left hand side is non-negative and bounded, for all x G X, thus, so has to 
be the right hand side. Since £ti £?=i ||Tf" ^zf = Eti £i=i II^^F 

is constant for n > 4, this forces -Pi(x) = £ i=1 J2j=i \\T?Tjx\\ p , for all a; G X. 
Therefore, for n > 4, n G N, 



3=1 



(ii): By (i) we have £? =1 \\Tfx\\v = [|a;|| p , for all z G X. Thus, > 
maxj^i^..^ ||T-a;||, for all x G X. 

(ii.a) If = \\Tfx\\, for some j G then obviously \\Tfx\\ = and 

x G N{T^) for all i=£j,i€ {1, d}. 

(ii.b) Assume > maxj^...^ \\Tj fx\\. 

Since x|oo > and |x|oo = max QgN d ||T Q x|| = max| Q | = 4 ||T Q x||, it fol- 
lows that 

\x\oo = max \\T?Tjx\\. 
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(Since further remaining multi-indices /3 with \/3\ — 4 give T@ = 0, by 
Corollary 17.61 ) 

Let \x\oo = \\T?Tj x\\ for some i ^ j , i ,jo G {l,...,d}. Then |x|oo = 
||T™Tj n x||, for all n > 3, n G N (as we have seen above, the sequences 
(||T- fe_:L r 3 a;||) fceN are constant). Therefore, 



k>4 



j=i,...,rf 

37^0 Jo 



«• iiTrf= E ii^rf + Ms, + K sir. 



3=1,. ..,<j 
J^-io Jo 



Since a;|oo > ||T Q x|| for all aeN simply by definition, we certainly have 



We conclude that in any case, x G N(Tf) for some j G {1, <i}. 



In other words, X = \J j=1 d N(Tf). Hence, N(T? ) = X, i.e. Tf = for one 
jo G {l,...,d}. Without loss of generality assume T| = 0. Then we actually 
have, for n > 5, n G N, 

d-1 

We can repeat our argument (now considering |a;|oo = maxi a i = g ||T Q x||) to get 
that Tf = for some io 6 {1, ...,d}. We can then repeat this process again, 
until we eventually have that T% + 1 = for all, but one ko, and Tt^ 1 is an 
isometry, for k, kg G {1, d}, k ^ kg. 

(iii) : Without loss of generality, assume T 1 4+d " 1 is an isometry and T^^ 1 = 0, 
for all i G {2, d}. Then, for n > 4 + d, n G N, for all x G X, 

p iW = E E ii^^ii" = E E K n_lT ^n p = E hw- 

»=1 3=1 »=1 3=1 3=2 

Now Pi (a:) = -|MI P + £* =1 for all a; G X. Therefore, 

ci d 

-\\ x r +^2\\Tjxr =^2\\Tjxr -11^+11^ = 0, v I£ i, 

j=l J=2 

and Ti is an isometry. □ 
These results lead to the following, obvious conjecture: 

Conjecture. Let T = (Ti, ...,Td) G B{X) d be an (m,p)-isometric and (/i, oo)- 
isometric tuple. Then one of the operators Ti,...,Td is an isometry. 
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